FORMULAS FOR A n AND ^-SOLUTIONS OF WDVV EQUATIONS 
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1. Introduction 

1. WDVV equations were appeared in works of E.Witten [Wl], R.Dijkgraaf, E.Verlinde, 
H.Verlinde [DVV] as equations for primary free energy of two-dimensional topological field 
theories. The simplest non-trivial solutions of WDVV equations are A n and S n -potentials, 
which describe also metrics of K.Saito on spaces of versal deformation of A n and -^-singula- 
rities. According to E.Witten [W2] coefficients of A n -potentials form intersection numbers 
of Mumford-Morita-Miller classes of a moduli space of spheres with punctures and n-spin 
structures. The potentials are known for n ^ 4 [W2, Dl, D2]. We find these potentials 
for all n, using its connection with Gelfand-Dikii (n — kdV) hierarchy. In passing we give 
recurrence formulas for coefficients of dispersionless KP hierarchy. Results of J.-B.Zuber [Z] 



Oh 



give a reduction of S n -potentials to A n -potentials. 

I would like to thank B.Dubrovin for fruitful discussions. 

2. Main theorems 



X 

For calculation of the A^-i-potential we use combinatorial coefficients P n (ii...i m ), where 



n and Sj are natural numbers. Put us 



m — 1 



P B (t) = n, P n ( Sl ...s m ) =C™-J2 Pn(s 1 ... Sq )C^_ {si+ ^ +Sq) ., 



q=l 



where here and later 



0! = 1, Ct = . ; - — rr for V ^ t ^ and Cl = in another cases. 
p t\(p-t)\ p 

Put us xq = 0. For q > we recurrently define polynomials X- q (x\, ...,x n _i) putting 



^ oo 



X — q 

n 

m=2 



where the second sum is taken by all natural numbers (si, s m ) such that YliLi Si = q + n + 
1 — m. 

This polynomial has a form 



X—q 



^ ^ Bqii-i 
m=l 

where B^,...,^ are constants and the second sum is taken by numbers ...,i m ) such that 
1 ^ ix ^ ... ^ i m ^ n - 1. 
Put us 

zip 

and p is the number of j such that ij = 
Consider 

oo 



m=3 

oo 



m=3 

where the second sums is taken by 1 ^ i\ ^ ... ^ i m ^ n — 1. 

Theorem 1. Polynomial Fa is a A n _i-potential. Polynomial Fb is a B n _i-potential. This 
means that they satisfy the equations 

y d*F d*F - 1 &F d*F (ajjS e = lj ... )n _ 1}j 

^-^ dxadxpdx-f dxn-jdxjfdx^ ^-^ dx^dxpdx^ dx n - 7 dx v dx a ' 

dxidx a dxg ^ a +P^ n ' ! S ^^" l Q Xi 
where d, = 1 + d = 2 + J for F = F A and d, = 1 + d = 2 + ^ for F = F B . 

3. Combinatorial lemma 

For natural s,ii,...,i n and integer not negative ji,...,j n defind P s I . n by 



recurence formulas: 



31 ■■■ J 



n 



i)Ps (o o) =0; 2)Ps (]) =cl fori>0; 



n-1 
q=l 



3)P S 



ji 



3i 



3n J n\ 3 
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_ c j q+ 



1 ah + ■ ~+h (ii + --' + in)! _ 

■Jn! 

(jq+1 H + jn)! 



1 H k?'n 



jqj (n-q)\ "-(i 1 +-+i q +j 1 +-+j q ) j q+1 \...j n \ 



for (ji,...,j n )^(0,...,0). 
ii ... i n 

jl • • • jn 



Let 



be the set of all matrices, which appear from 



permutation of columns. Let 



l i 
3i 



n ... i n 

31 ■■■ 3n 

be the number of such matrices. Put us 



3i 



1-n 
3n 



where the sum is taken by all 



a i 

h 



E p I 0,1 ... a n 
s U ... b n 



%x ... i n 

jl ■■■ jn 



Lemma 1 Let m > 0, k > and j n ^ 1 for n ^ m. Then 
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jm 



0, if S ^ H + ... + Z m + Jl + ... + j m , 
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1m+l 
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, if S < h + ... + i m +jl + •■• +jr 



Proof: Prove at first the lemma for m = 1 using induction by k. For m = k = 1 
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lei 1 - p s ( 11 

3i 
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' C s-(ii+ji) + -jpl 1 ~ P ' 



^2 \ sy0 ah ah a® 
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C? = Ps 



H 
ji 



if s ^ ii + ji, 
, if s < ii + Ji. 



Prove the lemma for m = 1, k = N, considering that it is proved for m = 1, k < N. If 
s ^ h + jii then 
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H *2 

Ji o 



1k+l 




If s < %\ + ji than 
Pi 
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Thus the lemma is proved for m = 1. 

Prove the lemma for m = N considering that it is proved for m < N . Then 
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\(m + k)r s PiI---PJ. m+k ' 
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1m+l 
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(m+k-q)\ ^s-(a 1+ ...+a q +p 1+ ...+l3 q ) p Q+1 \...p m \ ^rn+k- q 

)-p. 



1-m+k 
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0, if s ^ zi H Mm+jiH hj 
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, if s < ii H M m +jiH hjm.D 



4. Equations for Bacher-Akhiezer function 



Consider the KP hierarchy. This is a condition of compatibility of the infinite system of 
the differential equations 

01 ' =£nV>, (1) 



where 



and ip is a function of type 



dx n 



Qn n ^ Qn—i 

1 i=2 



3=1 i=l 

(here fceC belong to some neighbourhood of oo and x = (x\, X2, ■■■) — is a finite sequence). 
Put us 

d 

di = ^— , d = di. 

OXi 

A direct calculation gives 

Lemma 2. Conditions of compatibility of (1) are 

t-i t-i t-j-i 

Bt = -J2 Ci s di ^-i - E ^ E c U° l ^-i-v ( 2 ) 

i=l j=2 i=0 

n+i— 1 n n — k 

dnti = E C l dj Si+»-i + E B " E Cn-k&ti+n-J-k- □ (3) 

In this case ip is called a Bacher-Akhiezer function. 
Consider now the function 

oo oo 

In ip(x, k) = Xj y + r\jk~i , 

3=1 3=1 



where 



& = E ^ E 



n=l iiH \-i n =j 



Lemma 3. Let 2 < t < s. Then 



n=l x ' 

where the second sum is taken by all matrices I . . such that i m ^ l,j m ^ 1 



H H H n + ji H h Jn = t. 



3i ■■■ 3 



n 



Proof: An induction by t. For t = 2 according to (2), B 2 S = —sd£i = — _P S Q)<9?7i. Prove the 
lemma for t = N considering that it is proved for t < N. According to (2) 

t — 1 oo 

i=l n=l iiH |-i„=t — i 



t — 1 OO ✓ . x 

+e(e. e .^0; ::: £ ■■•*■*.)■ 



j=2 n=liH h7„=j 

t-i-i 



i=0 n=l \-i n =t—i—j 

1 ^ji + -+.7n (jl + --- + jn)! 



n=1 -ni Jl!- "Jn! 



n-1 



EP r 1 ••• 'n 1 r»j g +i-jn Ug+i ~< w ! Wi„, ...aw 



5=1 



Ji ••• i g y (n - q)\ j g+1 ! . . . j n ! 

n such that i\ + ■ — \- i n + i\ + 
3i ■■■ 3n J 

h j n = t, i m ^ l,j m ^ 0. According to lemma 1 it is possible to consider that in the last 

sum j m > for all m. □ 

Lemma 4. 

n=l ^ ' 
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where the second sum is taken by all matrices . n such that i m ^ 1, j m ^ 1 and 

\Jl ■■■ Jn J 

h H H n + ii H h in = r + s. 

Proof: An induction by r. According to (3) and lemma 3 for r = 1 

oo s s — k 

d s vi = <u, = c&ui-j + E B " E c2_*^ 1+ .-i-* = 

j = l fc=2 i=0 

E^, +1 -,-E(E E n* 1 *, •■•*■%.)■ 

3 = 1 k=2 n=l i! + -+j n =k yJ "' Jn/ 

s — k oo ✓ . . x 

j=0 n=l ^ ' 

where the second sum in the last formula is taken by all matrices ( . n such that 

yi ••• JnJ 

h + • • ■ + in + ji + " • ■ + jn = s + 1) *m ^ 1) jm ^ 0. According to lemma 1 in this sum it is 
sufficient consider only matrices, where j m > for all m. 

Prove now the lemma for r = N, considering that it is proved for r < N. According to 

(3) 



9 - (E ^ E *i • ■ • *») = E <#>Wi + E 5 " E ^-^£ r+s _,_ fc . 

n=l ' iiH hin=r 3 = 1 k=2 j=0 

Thus according to lemma 3, lemma 1 and inductive hypothesis, 

oo oo 1 

^ r = E^'(E^ E n„ ■■■>!,,)■ 



3=1 n =l h-\ Vi n =s+i — j 



OO , . . x 

+e( e ::: l )«**.-*•*.)■ 

k=2 iiH Y3 n =k 

s — k oo ^ oo ^ 

E^-fc^tE^ E T ii 1 ---vi n )-d s (J2ri S mi •••**) = 

j=0 n=l \-i n =r+s—j — k n=2 iiH \-i n =r 



where the second sum in the last formula is taken by all matrices f % } ' ' ' %n ) such that 

\J1 ■■■ JnJ 

HH Mn+jlH 1" jn = S + r, i m ^ 1, j m ^ 1. □ 

5. KP hierarchy 
According to [DKJM] the Bacher-Akhiezer function ijj is 

ii\ T ( Xl ~ k 1 ^2 — \k 2 ,X3 — \k 3 , ...) 

ib(x,k) = exp( > 7 r — 

for some function r(xi,x 2 , ...)• By analogy of [N] this gives a possibility to describe the KP 
hierarchy as an infinite system of differential equations on v(x, k) = — lnr(x, k). Really 

oo oo ^ 

rjjk - -' = ln^(x, k) — XjW = —v(x± — fc -1 , £2 — T^" 2 ' "') = 

V V \—t — d l ,---d l v(x)k- J . 

n=l iiH Hn=J 

Therefore 

* = £ £ si 9 "'"^ (4) 

n=liiH V% n =r 

Theorem 2. There exist universal rational coefficients 



sx ... s n \ _ / Si ... s 



n 



such that 

oo 



n = 1 ^ / 



7" 

n=l 



(6) 



where tie second sums are taken by all matrices ( Sl ' ' ' ^ n ) such that s m ,t m ^ 1, and 

\t\ . . . t n J 

the sum s\ + ■ ■ ■ + s n + t\ + ■ ■ ■ + t n is equal r for (5) and i + j for (6). Moreover 

R 4 s i ::: s r)=i Pi(si - s - ) - 



Proof: An induction by k and i+j. For i + j = 2 the theorem is obviously. For r = 1 it follows 
from (4). Prove the theorem for i + j = N and r = N — 1, considering that it is proved for 
i+j < N and r < N-l. Later we consider that s m , t m 1 and c n — si + • • • + s n +t\ + • ■ • -\-t n . 
Then according to (4) and (6) 



1 °° 

rj r = -d r v + y] V — d Sl ■ ■ ■ d Sn v(x) = 

r n\S\---S n 



n=2 siH \-s n =r 



■r i — 1 rr — r ^ ' 



n=l <J n =r 

Thus according to (5), (6) and lemma 4 



-Ad j v = d i r ]j -d i (^Y. R i\t 1 \\\ S t n n )d Sl d tl v---d Sn d t "v) 

3 n=l a n =j 1 n ' 



n=l <T„=j 



E E "' s 1 n )9(fa si ,).--a(fa s „,)+ 

n=l Sl + ...+s„+n=i+j ' ' ' 



E E Risi'l s t n ) d s^v-..d Sn d^v. 

n=l cr„=i+j,tiH h*™>n 

The obvious relation Pj ' ' ' ^ ^ = -Pi( s i--- S n) conclude the proof. □ 

Remark. The first equation from (6) is the "integrated over x\" KP equation 

dlv=^d 3 d 1 v-^dtv + 2(dfv) 2 . 



The relation (6) was first deduced in [ DN ] from the Hirota hierarchy [ DKJM ]. This method 
gives another formulas for coefficients Rij. The equalities between the coefficients provide 
nontrivial combinatorial identities. □ 

The system (6) is called the KP hierarchy. The dispersionless KP hierarchy is called the 
infinite system of differential equations which appears from (6) if to throw out all monomials 

where Yl7=i tj > n - The theorem 2 gives 
Consequence The despersionless KP hierarchy is 

1 °° 11 

-didjv=y^ Y] Pi(si...s m )—dd Sl v dd Sm v. (7) 

6. Proof of theorem 1 
According to [DVV, K, W2] one of ^4 n _i-potentials is 

(xi, ...,x n _i) = v{xu — , -, 0, ...), 

2 n — 1 

where u satisfies the dispersionless KP hierarchy and d n v = (dispersionless Gelfand-Dikii 
equation) . 

According to (7) from this follows 

oo 

= d e d n F= E P n (si...s m )dd Sl F-.-dd 8m F = 

m=l siH \-s m =l+n — m 

oo 

nddn+e^F+Y, E P n (s 1 ...s m )dd ai F---dd am F. 

m=2 siH hs m =£+n — m 



Thus 



^ oo 

5a n+£ _iF= — E E Pn(si...s m )dd Sl F---dd Sm F. (8) 



n 

m=2 siH \-s m =£+n—m 



10 



According to [W2] 

dd s F = x n - s and dd n+s F = —sd s F 

for s < n. In additional dd n F = and thus according to (8) dd n+ i-iF = xi-i for all £. 
Therefore 

d s F = — x- s = d s F A 
s 

and Fa — F — is a linear form. According to [D2, p. 16] this form is equal 0. According [Z] 
F B (xi, ...,x n ) = F A (x 1 ,0,x 2 ,0, ...,x n -i,0,x n ).D 

There are the potentials finding by our formulas 

{M) F=^xix 2 + ^xj, 
( A s) F = 7}xlx 3 + \<c x x\ + -x\x\ + ^x 5 3 , 

(A 4 ) F = \^x\x 4 + X!X 2 X 3 + ^-X% + + ^X 2 x\x 4 + jxlxl + ^3X4 + 

(A 5 ) F = ]^x\x 5 + -x\x$ + -x\xl + x 2 x 3 x 4 x 5 + x\x 2 x 4 + -^x 2 x\ + -x\x\ + -x\x\+ 

3 ^ 2 3 1 22 4 ^ 2 4 7 

+ -X3X5 + -x 3 x 5 + -x^x 4 x 5 + -x 4 x$ + -x 4 x 5 + ^Yo^ 5 ' 

(B 2 ) F = -x?x 2 + — x%, 
v i) 2 1 60 



-x\x->. H — H — X9X3 H — xix\ H : 

2 1 2 2 6 2 6 2 3 210 
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